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Abstract. We introduce discrete wave-front sets with respect 
to Fourier Lebesgue and modulation spaces. We prove that these 
wave-front sets agree with corresponding wave-front sets of "con- 
tinuous type". 



0. Introduction 

In [12], (continuous) wave-front sets of Fourier Lebesgue and modula- 
tion space types were introduced, and the usual mapping properties for 
pseudo-differential operators were established. Here it was also proved 
that wave-front sets of Fourier Lebesgue and modulation space types 
agree with each others, and that the usual wave-front sets with respect 
to smoothness (cf. [11, Sections 8.1-8.3]) is a special case of wave- 
front sets of Fourier Lebesgue types. Notice that the analysis of [12] 
includes pseudo-differential operators with non-smooth symbols. Micro- 
local analysis of convolution, multiplication and semi-linear equations 
in Fourier Lebesgue spaces (and therefore modulation spaces as well) 
can be found in [13]. 

In this paper we introduce discrete versions of wave-front sets of 
Fourier Lebesgue and modulation space types, and prove that they co- 
incide with corresponding continuous versions. Furthermore, the estab- 
lished results are formulated in such way that they should be possible 
to implement in numerical computations. An expected benefit of such 
approach is that the formulas might serve as an appropriate tool when 
making numerical analysis of micro-local investigations. For example, 
we use Gabor frames for the description of discrete wave-front sets. We 
refer to [5,6] for numerical treatment of Gabor frame theory. 

Assume that p, q G [l,oo], uj is an appropriate weight function on 
the phase space R M and that / is a distribution defined on the open 
subset X of R d . Roughly speaking, the wave-front set WF^ L i (f) with 



respect to the Fourier Lebesgue space JPL 9 ^(R d ) of /, give information 
about all points ifl and directions £ G R d \0 where / locally fails to 
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be in ^L q {u}) . That is (x, £) G WF# L i } (/), if and only if / is locally not 
in JFLl* at x and in the direction £. In the same way, the wave-front 
set of / with respect to the modulation space M^'(R rf ) 3 Wi 7 ^ 9 (/) 
consists of all pairs (x, £), where / locally at x fails to belong to MM 
in the direction £. 

As a consequence of [12, Proposition 5.5] we have 

WF^ u (f) = WF M ^(f), (0.1) 

for each p,q G [l,oo], distribution / and appropriate weight function 
to. 

In the present paper we introduce discrete versions of WF^ l q ^ (/) = 
WF M p,i(f), denoted by DF# L <i (/) and DF M p,*(f) respectively, and 

(a>) (u) (w) 

prove that indeed (10. IB can be extended into 

1. Preliminaries 

In this section we recall some notations and basic results. The proofs 
are in general omitted. We start by introducing some notations. In 
what follows we let T denote an open cone in R d \ 0. If £ G H d \ is 
fixed, then an open cone which contains £ is sometimes denoted by Tg. 

Assume that u and v are positive and measurable functions on H d . 
Then u is called f-moderate if 

lo(x + y) < Cu(x)v(y) (1.1) 

for some constant C which is independent of x, y G R d . Iff in (11.11) can 
be chosen as a polynomial, then oj is called polynomially moderated. 
We let ^(R d ) be the set of all polynomially moderated functions on 
R d . If u(x,£) G ^(R 2d ) is constant with respect to the x-variable 
(^-variable), then we sometimes write a>(£) (uj(x)) instead of u(x,£). 
In this case we consider uj as an element in <^(R M ) or in ^(R d ) 
depending on the situation. 

The Fourier transform is the linear and continuous mapping on 
5^"{Yl d ) which takes the form 

= /(O = W d/2 [ f(x)e-^ dx 

jR d 

when / G L 1 (R a! ). We recall that & is a homeomorphism on ,y'(R d ) 
which restricts to a homeomorphism on y(R d ) and to a unitary oper- 
ator on L 2 (K d ). 

Assume that q G [1, oo] and uj G ^(R m ). Then the (weighted) 
Fourier Lebesgue space ^L q , u s (R d ) is the Banach space which consists 
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of all / G y(R d ) such that 

ll/IU^^II/IU^^II/-^,-)!!^ (i.2) 

is finite. If uj = 1, then the notation ^L q is used instead of J^L^. 

Remark 1.1. Here as in [12] we remark that it might seem to be strange 
that we permit weights uj(x,£) in (11.21) that are dependent on both x 
and £, though /(£) only depends on £. The reason is that later on it will 
be convenient to permit such x dependency. We note however that the 
fact that uj is f-moderate for some v G ^(R M ) implies that different 
choices of x give rise to equivalent norms. Therefore, the condition 
II/II^l 9 < 00 is independent of x. 

( UJ )> X 

The modulation space MM(R d ) consists of all / G S"(R d ) such that 

\\f\\ M ^ = (J (J \V v f(x^)u(x^)\'dxy /r 'd£f' q (1.3) 

is finite. Here V v f is the short-time Fourier transform of / with respect 
to <p G y(R d ) \ 0, which is equal to &(f<p(- -x))(£). We note that 
Vtpf takes the form 

Vpf{x, = (2vr)- d / 2 / M<p(y - x)e*»*> dy 

when / G L x (R d ). 

If T C R d \ is an open cone, then we let \ f\^ L g,r and \ f\ MP , q ,r be 

(w) (w) 

the seminorms 

= (J r \mMx,0\ q dt) 1/q (1.4) 

and 

= {J v {J Rd Kf{x,i)u{x,i)\ p dx) q,p di) 1,q . (i.5) 

respectively. Here we note that these semi-norms might attain the value 
+oo. 

Assume now that X C R d is open. The wave-front set WF^ L i (/) 

of / G @'{X) consists of all pairs (x , £o) £ ^ x (R d \ 0) such that for 
each x G Co°(^) with x( x o) 7^ and each conical neighbourhood Y of 
£o it holds 

\xf\& L f\ = +°°- 

In the same way, the wave-front set WF M p,i(f) of / G @'(X) consists 

of all pairs (xq, fo) G X x (R d \ 0) such that for each x e C °°(X) with 
x(a^o) 7^ and each conical neighbourhood T of £ it holds 

lx/Uf* r = +°°- 
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2. Discrete semi-norms in Fourier-Lebesgue spaces 



In this section we introduce discrete analogues of the non-discrete 
seminorms (11. 4p and (|1.5I) . We also show that these semi-norms are 
finite, if and only if corresponding non-discrete semi-norms are finite. 

Assume that q G [1, oo], uj G £P(R 2d ) and that H C R d is a discrete 
set. Then we set 

(with obvious modifications when q = oo). As in the continuous case, 
we note that the condition 

a;,(u;) v 7 

is independent of a; G R d . From now on we assume that uj is indepen- 
dent of x. 

Lemma 2.1. Assume that T and T are open cones in R d such that 
To Q r, and £/ia£ A C R d ?s a lattice. Also assume that f G S"(R, d ) 
and uj G £P(R d ). If\f\^ L q,r is finite, then \f\^ L <i (r on A) is finite. 

Proof. We only prove the result for q < 00, leaving the small modifica- 
tions in the case q = 00 for the reader. Assume that |/|«-r«,r < 00, and 

let if = T n A and uj G L^°(R d ) be such that uj = 1 in supp /. Then 



(\f&h )( r nA)) g = E i^/x&m&i 9 
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We need to estimate Si and S 2 . Let v G & '(R d ) be chosen such that 
uj is f-moderate. By Minkowski's inequality we get 




g 



<C ! \f{ri) U ^dri = C\S\, L ^ 
Jr (t "> 

where 

C = W^Wli SUp Y _ ^MCfe - ^)l < °0- 

This proves that Si is finite. 

It remains to prove that S 2 is finite. We observe that — r]\ > 
cmax(|^fe|, \rj\) when G H and 77 G Cr, and since / has compact 
support it follows that |/(£)| < C(^) N ° for some positive constants C 
and N . Furthermore, since tp G C™, it follows that for each iV > 0, 
there is a constant Cat such that \<p(£)\ < Cn(0~ N - This gives 




for some constants C\ and C 2 . The result now follows, since the right- 
hand side is finite when N is chosen larger than 2(N + d). The proof 
is complete. □ 



In the next result we prove a converse to Lemma l2TTl in the case that 
the lattice A is dense enough. Let ei, . . . , e d in R d be a basis for A, i. e. 
for some x G A we have 

A = { x Q + hex H h t d e d ; t x , . . . , t d G Z }. 

Then the parallelepiped, spanned by ex, . . . , e d and with corners in A is 
called a A-parallelepiped. We let -4(A) be the set of all A-parallelepipeds. 
For future references we note that if D\,D 2 G -4(A), then their volumes 
\D\ \ and \D 2 \ agree, and for conveniency we let ||A|| denote the common 
value, i. e. 

||A|| = 1^1 = \D 2 \. 
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Assume that Ai and A 2 are lattices in R d with bases ei, . . . , and 
£i,...,£d respectively. Then the pair (A 1? A 2 ) is called an admissible 
lattice pair, if for some < c < 2ir we have (ej,£j) = c and (e_j, £&) = 
when j 7^ fc. If in addition c < 27r, then (Ai,A 2 ) is called a strongly 
admissible lattice pair. If instead c = 2n, then the pair (Ai, A 2 ) is called 
a weakly admissible lattice pair 



Lemma 2.2. Assume that q G [l,oo], (A 1; A 2 ) is a strongly admissible 
lattice pair, K G A(Ai), and that f G <f'(R d ) is such that an open 
neighbourhood of its support is contained in K . Also assume that V 
and r are open cones in R d such that T C T. If \f\^ L q ( rn A 2 ) ^ 
finite, then \f\^ L q,v is finite. 



Proof. We shall use similar arguments as in the proof of Lemma 12 . 1L 
Again we prove the result only for q < oo. The small modifications to 
the case q = oo is left for the reader. Assume that I f\ zl<i \ < oo, 

and let </? G C£°(K) be equal to one in the support of /. By expanding 
f — (ff into a Fourier series on K we get 



where the positive constant C only depends on A 2 . If H% = A 2 n T and 
F 2 = A 2 D Cr, then 



f \mMo\ q dt = c« [ I £ ^ - eo/i&Me) 

• /r ° " /r ° « fc eA 2 



where 



Si= f I y; £(£-60/(&m&mo 



fcle^i 



{&}eft 



We need to estimate Si and S 2 . Let v G & '(R d ) be chosen such that 
uj is f-moderate. By Minkowski's inequality we get 

Si= I ( E i^-&M^-&)ii/(&)w(&)i) 9 de 

■ /r ° K U k }e Hl J 



< 



Ci / ( E i^-&Me-e*)ii/(&M&)i ,, )de, 

" /r ° 



<^ 2 E i/i&Me 

where Ci is a constant and 

C 2 = Ci\\(f\\^- L i < oo. 

This proves that Si is finite. 

It remains to prove that £ 2 is finite. We observe that 

> cmax(|^|, iCfcl) when (6T and £ fe G #2- 

Furthermore, |/(Cfe)| < C(£,k) N ° for some constants C and iVo, and for 
each iV > 0, there is a constant Cat such that \<p(£)\ < Cjv(£) ■ This 
gives 
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5 2<ci / ( E 

1/1,0 fe}6^2 

/ ( E (0^ /2 <6> M/2 ) 9 ^ 

71,0 &}e^2 

for some constants Ci and C 2 . The result now follows, since the right- 
hand side is finite when N is chosen larger than 2(N + d). The proof 
is complete. □ 

Corollary 2.3. Assume that q G [l,oo], (A 1; A 2 ) «s a strongly admis- 
siblle lattice pair, K G A(Ai), and that f G S"(R d ) is such that an 
open neighbourhood of its support is contained in K . Also assume that 
T and T are open cones in H d such that Y G C T. If \f\^ q (rnA 2 ) ^ s 

finite, then \xf\£ L ^ ( r nA 2 ) is fi nite ~ 



X G y(R d ), r ,r are open cones such that r C T and |/|. 



For the proof we recall that \xf\ ® T i> v o is finite when / G 



finite (cf. (2.3) in [12]). 



Proof. Let Fi,r 2 be open cones such that Tj C r^+i and T 2 C T, 
j = 0, 1, and assume that (rnA 2 ) < 00 • Then Lemma [2721 shows 



that \ f\^ T q,r 2 is finite. Hence (2.3) in [12] shows that \xf\& r qT i < °°7 

which implies that \xf\^ L i (r nA ( < oo, in view of Lemma I2TT1 The 
proof is complete. □ 

3. Admissible Gabor pairs 

In this section we introduce the notion of admissible Gabor pairs 
(AGP) and provide examples which illustrates that conditions in Defi- 
nition [3J] are quite general. 

Assume that ei, . . . , e& is a basis for Ai, and that (Ai, A 2 ) is a weakly 
admissible lattice pair. If / G Lf oc is periodic with respect to Aj, and 
D is the parallelepiped, spanned by {ei, . . . , e^}, then we may make 
Fourier expantion of / as 

{€fc}eA 2 

(with convergence in L 2 oc ), where the coefficients Ck are given by 

c k = \D\- 1 [ f(y)e- i ^dy. (3.2) 
Jd 

We note that if instead / G L 2 is supported in D, then A3. ID is still 
true in D, and the constant can in this situation be written as 



Cfe 



(27r)- d ||A 2 || J f{y)e-^dy. 

For non-periodic functions and distributions we instead make Gabor 
expansions. More precisely, let (A 1; A 2 ) be a strongly admissible lattice 
pair, with Ai = {xj} jeJ and A 2 = {CfcjfceJ- Also let 

<p, G C™(R d ), ip j)k {x) = ip(x - x,)e 1 ^ 

(3-3) 

and ipj,k(x) = ip{x - Xj)e t{x ^ k> 

be such that {(Pj,k}j,k&j and {ipj,k}j,keJ are dual Gabor frames (see [7] 

for the definition of Gabor frames and their duals). If / G =5^'(R d ), 
then 

/ = c M,k, (3.4) 
j,keJ 

where 

Cj,k = (f, ^j,fc)L2(Rd) (3.5) 

and the constant C V) $ depends on the frames only. Here the serie con- 
verges in y'(R d ). 

By replacing the lattices Ai and A 2 here above with eAi and A 2 /£, 
and if and ip with ip e = <p( ■ je) and ip e — ip( • fe) respectively, we still 
have 

j.fceJ 
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where 

c jtk (e) = C<^(e)(/,V£ fc )ia(R*), W 

and 

<fj,k = ■ /e), ip £ jjk = if) jjk ( ■ /e). (3.6) 

Here the constants C v ^{e) depends on ip, if) and e. 

In some situations it is convenient to play with the parameter e 
in eAx, tp e = <p(- /e) and ip e = if){- /e), but keeping A 2 fixed and 
independent of e. A problem is then that (13. 4B ' and (|3.5p ; might be 
violated. In the following we establish sufficient conditions for this to 
work properly. We first introduce admissible Gabor pairs. 

Definition 3.1. Assume that e G (0,1], {%j}jeJ = Ai C R d and 
{£fc}fceJ = A 2 C R d are lattices and let Ai(e) = eAi. Also let (p,ip G 
C^°(R d ) be non-negative, and set 

(3.7) 

<pl k = <?(■- ex s )S-*»\ if) £ jjk =n-~ ex^'M, 

when exj G A^e) (i. e. x s G A x ) and £ fc G A 2 . Then the pair (W e j:k }j,kej, i>j,Jj,fcej) 
is called an admissible Gabor pair (AGP) if for each e G (0, 1], the sets 
Wj,k}j,keJ an d {^j k}j,k€J are dual Gabor frames. 

By Definition 13.11 and Chapters 5-13 in [7] it follows that if / G 
y'{K d ), is fulfilled and {{(ff j)k } j>k eJ, {^Jj.feej) is an AGP, then 

/ = E c ^( £ fe> w 

for every £ G (0, 1], where 

c j , k (e) = (f,iPl k ) L 2 (ud) 

Furthermore, from the investigations in [7] it follows that (Ai,A 2 ) in 
Definition ^, ll should be a strongly admissible lattice pair, if jfc}j,feeJ> {'0J,jfeL",feej) 
might be an AGP. 

In the following lemma we prove that if Ai and A 2 are the same as in 
Definition admgaborframe, {(fj,k}j,keJ and {ipj,k}j,keJ are dual Gabor 
frames which satisfy 

£ ¥>(• ~Xj)ip( - -x i ) = (27r)- d ||A 2 ||, (3.8) 

and <p £ jik and ^ are given by (JH2D, then ({¥>*,*} j,fce J, {V£*}j,fcej) is an 
admissible Gabor pair. 

Remark 3.2. If <p = if>, then (13.81) describes the tight frame property of 
the corresponding Gabor frame, cf. [7, Theorem 6.4.1]. 
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Proposition 3.3. Assume that < e < 1, ip, if) G C^°(R d ) are non- 
negative, <fij,k, ipj,k, ^f 6 j k an d ^jk are gi ven by (13.31) and (13.71) . Also 
assume that {(fj t k}j,kej o,nd {if)j,k}j,kej o,re dual Gabor frames, and that 
(13.81) holds. Then ({<Pj k}j,k£j, {V'j fc}j,fcej) *s an admissible Gabor pair. 

Proof. We shall prove that {y^fcjj.fceJ and {if>j k }j,keJ are dual Gabor 
frames for each e G (0, 1]. This is obviously true when e = 1. 

Assume that / G C^°(R d ) and that e is small enough such that the 
supports of (pj k and ipj k are contained in a parallelepiped D, spanned 
by the basis for the dual frame of A 2 . We shall prove that 

he(x) = c i,k(£)<Pj,k( x ) 

is equal to f(x) when Cj t k(e) is given by (j3T5l) // . For conveniency we let 9 
be the right-hand side of ( 13.81 ). i. e. = (27r)~ d || A 2 || . By the inversion 
formula for Fourier series (cf. ( 13.11 ) and ( 13 .21) '). we get 

jeJ k&j J 

= Yl f( x )¥ £ (x - exj)if; £ (x - exj) = f{x), 
jeJ 

where the last equality follows from (13. 8K . This proves the result for 
small e and / G C£°. 

Next assume that e G (0, 1] is arbitrary and consider again h e . Since 
f,ip,if) G C£°, it follows that f,<p,if) are entire functions which turn 
rapidly to zero at infinity on R d . This implies that 

Kl , jtk (e, C) = ^(V£*)(C) = e d e^^mC - &)) and 

K 2 , j>k (e, C) = ^, k )(0 = e i e*to*.-4fle{C ~ &)), 
are real-analytic in e. This implies that 

j,ke,J 

= ( 2 <T d E K 2,j,fc(e,C)(/* «i,i,k(e, •))(&) 

is real analytic in £. 

A combination of the latter real analyticity property and the fact 
that «3(e, £) = /(£) when £ = 1 or £ is small enough, shows that 
'^ ^(^(e, -))(x) = f(x) for all e G (0, 1]. This proves the result in the 
case / G C^°(R d ). For general / G L 2 (R d ), the result now follows from 
the fact that Cq° is dense in L 2 . The proof is complete. □ 
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Example 3.4. Let a, (3 G R + be such that a- j3 < 2n, Ai = {xj}j<=j = 
aZ d and A 2 = {6s}fceJ = /3Z d . Also let Qi and Q 2 be cubes with centers 
at origin and side-length's a± and a 2 respectively, and such that 

a < a± < a 2 = 2tt/P, 

and choose ip G Cq°(Q2) and if) G C£°(Qi) such that </? = 1 on suppip 
and 

2>-«>-(£)- 

By expanding f -ip(- —Xj) in Fourier series in x, + Q 2 for each j G J, it 
follows that {<fj,k}j,kej and {^fcj^fcej in (13.31) are dual Gabor frames. 
Therefore, and ([33]) holds. 

By Proposition 13.31 it now follows that ({y^fc}j,fceJ> {^,fc}j,fcej) is an 
admissible Gabor pair. 

Remark 3.5. Assume that p, q G [l,oo], G ^>(R M ), / G ^'( Rci ) 7 
({^/cli.fceJ; {^,/c}j,fcej) is an admissible Gabor pair, and that (I3.4H / 
and (E3D' hold. Then it follows that / G M ( ^(R d ), if and only if 

n/iiw = (E(Ei c ^( £ M^^)r) 9/P ) 1/9 

feeJ jeJ 

if finite. Furthermore, for every e G (0,1], the norm / i— > ||/||[ e ] is 
equivalent to the modulation space norm (11.31) . (Cf. [2-4,7].) 

4. Discrete wave-front sets - Fourier Lebesgue and 

modulation spaces 

In this section we define discrete wave-front sets of Fourier Lebesgue 
and modulation space types, and prove that they agree with the cor- 
responding wave-front sets of continuous type. 

We start with the following definitions. 

Definition 4.1. Assume that lu G ^(R d ), / G @'(X), x G X, 
(Ai, A 2 ) is a strongly admissible lattice pair in R d and that {6c}jeJ = 
A 2 . Also assume that D G (Ai) contains xq. Then the discrete wave- 
front set DF^ L <i (/) consists of all (x ,£o) ^ R d x (R d \ 0) sucn that 
for each \ £ C^°(D n X) with x( x o) 7^ an d each open conical neigh- 
bourhood T of £o, it holds 

For the definition of discrete wave-front sets of modulation space 
type, we consider admissible Gabor pairs ({v^/cjj.fceJj {^/clj.fcej)) e 
(0, 1], and let 

Jx (e) = J xo (e,<f,ip) = J X0 (e,if,if),A!) 
li 



be the set of all j E J such that 

Xq E supp ipj k or xq E supp ipj,k 

Definition 4.2. Assume that u E ^(R M ), / E 9'(X), x E X and 
({<fj } k}j,keJi {V'|,feL',feej); e (0)1]) are admissible Gabor pairs with 
respect to the lattices Ai and A 2 in R d . Then the discrete wave-front 



set DF M p,i(f) consists of all (xo,6o) G R x (R d \0) such that for each 



l d x (R d 

£ G (0, 1] and each open conical neighbourhood T of £ , it holds 



( E ( E i^n^r)' 

{5fe}ernA 2 jeJ XQ (e) 

where / = E c i>MO^j,&> and c j,fc( £ ) = C Vi ^(f, ^Jz^r/*) and the con- 

stant depends on the frames only. 

Roughly speaking, (xo,£o) £ DF M v,i(f) means that / is nt locally in 
Mf^? in the direction £o- This interpretation coincide with the following 
theorem which is our main result: 

Theorem 4.3. Assume that X C R d is open, uj E ^(K 2d ), f E 9'{X) 
andp,q E [l,oo]. Then (10.11) ' holds. 

Proof. By Proposition 5.5 in [12] and Lemmas 12.11 and 12.21 it follows 
that the first two equalities in (lO.lh ' hold. The result therefore follows 
if we prove that DF^ L j (/) = DF M ™(f). 

First assume that (xo,£o) ^ DF^ l q (/), and choose x £ Co°PO) an 
open neighbourhood X C A of x and conical neighbourhoods T, T 
of £ suc h that 

To C T, = 1 when a; G A , 

and \xf\£ L <i u (jj-) < 00, iJ = A 2 nr. 

Now let ({^fcli.fcGJ) {^fcli.fcej) be an admissible Gabor pair and choose 
£ E (0, 1] such that supp cpj k and supp ipj k is contained in X Q when 
x G suppy^ fc and x E supp^ fc . Since 

Cj,fcO) = C(/,^ fe ) L 2 (Rd) = &(fil>('/e-Xj))(Z k ), 
it follows from these support properties that if H = A 2 H r , then 



£ |^(/^(./e-x i ))(&Me*)l ff ) 



1/9 
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when j G J xo { £ )- Hence, by combining Corollary 12.31 with the facts that 
J XQ (e) is finite and | 

( 14.11) are finite and 



J xo ( £ ) is finite and \xf\ »L" (m < °°> ^ follows that the expressions in 



q/p\ !/<? 

< oo. 



( E ( E i^(/^(-A-^))(6V(a)i p ) 

This implies that (x , Co) ^ DF M v,q(f), and we have proved that DF M p,q(f ) C 

In order to prove the opposite inclusion we assume that (xo,£o) ^ 
DF M p,v(f), and we choose £ 6 (0, 1], admissible Gabor pair ({y^fcli.fceJ) {Vj^j-j./cej) 

and conical neighbourhoods T, T of £ such that r C T and 

( E ( E \nf^-/e-xM^m p ) 9/p ) 1/q <oo, (4.2) 

when = A 2 fl T. Also choose x, 4> ^ Co°PO sucn that xt^o) 7^ 0, 
4>{ x ) E = when xGsuppx. 

Since «/ xo ( £ ) i s finite, Holder's inequality gives 

CD) 



X/IjS^H E (x</>) (fi/>(-/e-Xj)) ^ i 



9\ 1/9 



^( E ( E i^((x0)/^(-A-^))(6Vfe)f 
^( E ( E i^((x0)/^(-/^-^))(av(a)i p ) 9/p ) 1/9 , 

By Corollary 12.31 and (14.21) it now follows that the right-hand side in 
the last estimates is finite. Hence |y f\^] q ,„ s < oo, which shows 

that (xo,£o) ^ DF^ l q (f), and we have proved that DF^ L <i (/) C 
DF M p,v(f). The proof is complete. □ 
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